The quantum measurement axiom dictates that physical observables and in particular the Hamiltonian must be diagonalizable and have a real spectrum. For a time-independent Hamiltonian (with a discrete spectrum) these conditions ensure the existence of a positivedefinite inner product that renders the Hamiltonian self-adjoint. Unlike for a time-independent Hamiltonian, this does not imply the unitarity of the Schrödinger time-evolution for a general time-dependent Hamiltonian. We give an additional necessary and sufficient condition for the unitarity of time-evolution. In particular, we obtain the general form of a two-level Hamiltonian that fulfils this condition. We show that this condition is geometrical in nature and that it implies the reality of the adiabatic geometric phases. We also address the problem of the uniqueness of the metric operator.
Introduction
In quantum mechanics, the inner product of the Hilbert space of a quantum system is not an observable quantity. Because all (separable) Hilbert spaces are unitary equivalent, a convenient choice is to fix the inner product to be the L 2 -inner product ·|· and formulate the theory on the resulting Hilbert space H. In recent years, it has become clear that one can also formulate a consistent quantum theory that employs certain non-self-adjoint Hamiltonian operators H : H → H, [1, 2, 3] . The latter are operators that can be made self-adjoint, if one selects a new inner product ·, · + . This in turn implies that H is a diagonalizable operator with a real spectrum.
1
The physical Hilbert space H phys is obtained by endowing the span of the eigenvectors of H with the inner product ·, · + and completing the resulting inner product space [4] . The observables are identified with self-adjoint operators acting in H phys , [4, 5] . 2 The purpose of this paper is to show that the above mentioned developments do not directly extend to diagonalizable time-dependent Hamiltonians having a real spectrum. Time-dependent Hamiltonian operators have many applications in non-relativistic quantum mechanics. They are also indispensable in the Hamiltonian formulation of quantum field theories. Therefore a consistent treatment of pseudo-Hermitian (and in particular PT -symmetric [6] ) quantum field theories calls for a careful study of the extension of the methods of pseudo-Hermitian quantum mechanics [5] to time-dependent Hamiltonians. Such Hamiltonians arise naturally in quantum cosmological applications of pseudo-Hermitian quantum mechanics [7] .
In [8] the authors consider particular examples of time-dependent pseudo-Hermitian Hamiltonians that admit a time-independent (positive-definite) metric operator. In this article, we will refer to such Hamiltonians as quasi-stationary and show that a direct extension of the methods of pseudo-Hermitian quantum mechanics to time-dependent Hamiltonians is possible provided that they are quasi-stationary. We will then derive a necessary and sufficient condition under which a given time-dependent diagonalizable operator with a real and discrete spectrum is quasi-stationary.
In the remainder of this section we give a brief review of the spectral methods used in the construction of the metric operators for a diagonalizable operator with a real and discrete spectrum [9, 2] .
Let H be a separable (reference) Hilbert space with (L 2 -) inner product ·|· , and H : H → H be a diagonalizable (Hamiltonian) operator with a real and discrete spectrum. The diagonalizability of H and the reality of its spectrum are necessary conditions for the applicability of the standard quantum measurement theory [10] . The discreteness of the spectrum of H is a simplifying assumption that could be relaxed depending on the particular operator in question [7, 11] . As shown in [9] , an operator H with the above-mentioned properties is necessarily pseudo- 1 The diagonalizability of H means that it has a complete set of eigenvectors.
2 These constructions do not lead to a generalization of quantum mechanics but to another of its equivalent representations. This is because one can describe the very same systems using self-adjoint Hamiltonians and self-adjoint observables acting in H, [4] .
Hermitian, i.e., there is a Hermitian invertible (pseudo-metric) operator η : H → H satisfying
Furthermore, among the infinity of pseudo-metric operators η satisfying this condition there are positive-definite operators η + that can be used to construct a positive-definite inner product [2] ,
In view of this relation and the η + -pseudo-Hermiticity of H, i.e.,
H is self-adjoint with respect to the inner product ·, · + . The operator η + and the corresponding inner product ·, · + that defines the physical Hilbert space H phys of the system are not unique [16] . 4 An important observation made in [2] is that H is related to a Hermitian operator h : H → H via a similarity transformation. For example, we can choose η 1/2 + to perform such a similarity transformation and define h as
In fact, viewing H and h as acting in H phys and H respectively and viewing η [4] . This in turn allows for the formulation of the theory in terms of the Hermitian Hamiltonian h within the framework of conventional quantum mechanics.
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Because H is assumed to be diagonalizable, one can construct a complete biorthonormal system {ψ n , φ n } for the Hilbert space such that ψ n and φ n are respectively the eigenvectors of H and H † with eigenvalue E n , [2] ,
3 Equation (1) was initially considered by Pauli [12] in trying to formalize an idea due to Dirac [13] that later led to the development of the indefinite-metric quantum theories [14] . But Pauli and others who contributed to this development only considered the case that η was a fixed (given) indefinite operator. The idea of treating (1) as an equation for η and realizing that for some H one can choose a positive-definite operator among all possible η's, that is embraced in [2] , has its origin in the particular definition of pseudo-Hermiticity given in [9] . This is different from the old notion of "pseudo-Hermiticity" used in indefinite-metric theories. The latter is known as J-Hermiticity in mathematical literature [15] . For a detailed discussion see [10] and reference 1 therein. 4 The so-called CPT -inner products [3, 17, 18] that can be constructed for typical PT -symmetric Hamiltonians form a special class of the inner products ·, · + , [19] . 5 This means that for all ψ, φ ∈ H phys , η 1/2 ψ|η 1/2 φ = ψ, φ + . 6 For the cases that H is infinite-dimensional and H has the standard (kinetic+potential) form, the equivalent Hermitian Hamiltonian h is a typically nonlocal operator [5, 11] . But there are specific cases that it turns out to be local [20] .
We also recall that "biorthonormality" means
where we use Dirac's bra-ket notation in H, δ mn stands for the Kronecker delta symbol, and 1 denotes the identity operator. In terms of the biorthonormal system {ψ n , φ n }, we can construct the following metric operator.
Indeed every metric operator that satisfies (3) can be expressed in this form for some biorthonormal system {ψ n , φ n } fulfilling (5), [19] .
Quasi-Stationary Pseudo-Hermitian Hamiltonians
Consider a Hamiltonian operator H[R] that is parameterized by points R of a parameter space M. Suppose that H[R] is diagonalizable and has a real and discrete spectrum for all R ∈ M.
Then there is an R-dependent biorthonormal system {ψ n , φ n } satisfying (5) with
is η + -pseudo-Hermitian for a metric operator η + of the form (7). We will use the following notation to make the R-dependence of ψ n , φ n and η + explicit: |ψ n , R := |ψ n , |φ n , R := |φ n , and η + [R] := η + . Next, let T ∈ R + , and γ : [0, T ] → M be a smooth curve in M that determines the timedependence of the parameters R and the Hamiltonian according to R(t) := γ(t) and H(t) := H[R(t)], respectively. Let us also introduce the abbreviated notation: |ψ n , t := |ψ n , R(t) , |φ n , t := |φ n , R(t) , and η + (t) := η + [R(t)].
As pointed out in [7] , the η + (t)-pseudo-Hermiticity of H(t) does not generally ensure the unitarity of the Schrödinger time-evolution determined by H(t) even if we define the Hilbert space using the inner product ·, · + := ·|η + (t) · . To see this, we denote the time-evolution operator of the system by U(t), i.e., the operator satisfying the defining relations:
Let ≺ ·, · ≻ be a general possibly time-dependent positive-definite inner product on H. Then we can always express ≺ ·, · ≻ in terms of a possibly time-dependent metric operator ξ + (t) according to [21] ≺ ·, · ≻= ·|ξ + (t) · .
Suppose that ψ(t) and φ(t) are arbitrary evolving state vectors;
Then the unitarity of time-evolution with respect to the inner product ≺ ·, · ≻ means that ≺ ψ(t), φ(t) ≻ does not depend on t. In view of (9) and (10), this condition is equivalent to
Differentiating both sides of this equation and using (8) we find
where a dot denotes a time-derivative. Equation (12) shows that H(t) is ξ + -pseudo-Hermitian if and only if ξ + is time-independent. The requirement of the unitarity of time-evolution demands that the inner product of the Hilbert space be defined by a metric operator fulfilling (12) . On the other hand quantum measurement theory (projection axiom) requires H(t) to be self-adjoint with respect to the defining inner product of the physical Hilbert space of the system. These two constraints imply that a time-dependent Hamiltonian operator H(t) defines a consistent unitary quantum system if and only if H(t) is η + -pseudo-Hermitian for a time-independent metric operator η + . We will call such a Hamiltonian quasi-stationary.
Requiring H(t) to be quasi-stationary puts a sever restriction on its eigenvectors. To see this we choose an arbitrary metric operator η + satisfying (3), use an appropriate biorthonormal system {|ψ n , t , |φ n , t } to express it in the form (7), and demand that the time-derivative of both sides of this equation vanishes. In view of (6), this yields
where
If we assume that all the parameters R describe physical situations, the condition (13) must be met for all possible curves γ : [0, T ] → M. This is equivalent to
The one-form A nn [R] is the Berry's connection one-form for a diagonalizable non-Hermitian Hamiltonian [22] . Therefore, a simple implication of (15) is that the adiabatic geometric phase angles for the system are real. 7 This is actually to be expected, because the system admits a Hermitian representation in terms of a Hermitian Hamiltonian, and like other physical quantities the 7 The dynamical phase angles are also real, because H(t) has a real spectrum.
geometric phase angles can be calculated in the Hermitian representation where they are clearly real.
It is important to observe that the condition that H(t) be quasi-stationary is equivalent to the requirement of the existence of a biorthonormal system {|ψ n , R , |φ n , R } such that |ψ n , R and |φ n , R are respectively the eigenvectors of H
[R] and H[R]
† and that (15) is satisfied. Note also that this condition is not sensitive to the duration of the evolution of the system and is completely geometrical in nature.
3 Two-Level Quasi-Stationary Pseudo-Hermitian Hamiltonians Consider the case that H is the two-dimensional complex vector space C 2 endowed with the
, and ψ a , φ a ∈ C for all a ∈ {1, 2}. In the standard basis
of C 2 , we can represent the most general diagonalizable Hamiltonian operator H with a real spectrum as
where q ∈ R, I is the 2 × 2 unit matrix, a, b, c ∈ C, and a 2 + bc is real and nonnegative, [16, 23] .
The problem of finding the most general metric operator η + for such a Hamiltonian has been completely solved in [23] .
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Reparameterizing H 0 in the form [25] H 0 = E cos θ e −iϕ sin θ e iϕ sin θ − cos θ ,
and ℜ(ϕ) ∈ [0, 2π), we can express the .
Clearly the Hamiltonian H depends on the six real parameters q, E, ℜ(θ), ℑ(θ), ℜ(ϕ), and ℑ(ϕ) that can be collectively denoted by R. As q and E do not enter the expression for the biorthonormal system, the condition that H be quasi-stationary only restricts θ and ϕ. Inserting (19) and (20) in (13) and simplifying the resulting equations, we can express this condition in the form of the following system of ordinary differential equations.
where ν a := ln |n a | for a ∈ {1, 2} and µ :=
Equations (22) and (23) may be solved to express n 1 and n 2 in terms of θ and ϕ. Substituting the result in Equations (24) and (25) yields two real equations for the four unknown functions ℜ(θ), ℑ(θ), ℜ(ϕ) and ℑ(ϕ). Note that equations (22) - (25) are time-reparameterization-invariant; we can eliminate t from these equations and express them in terms of any of the real parameters of the system, e.g., ℜ(ϕ).
By construction, solving (22) - (25) is equivalent to demanding that η + as given by (21) is a constant. This means that both H(0) and H(t) (for any t ∈ [0, T ]) are η + -pseudo-Hermitian. Therefore, we can obtain a characterization of quasi-stationary Hamiltonians H(t) by setting t = 0 in (21) and finding the form of H(t) that is η + -pseudo-Hermitian. This allows for an algebraic solution of the system of equations (22) - (25) .
The problem of finding the general form of an η + -pseudo-Hermitian operator for metric operators of the form (21) has also been solved in [23] . Here we summarize the result. There are two possibilities:
1. λ(0) = 0 (i.e., η + is diagonal), which corresponds to the cases: (1.a) θ(0) = 0; (1.b) θ(0) ∈ R and u = 1. For theses cases, we have
Here q(t), ℜ[a(t)], ℜ[b(t)] and ℑ[b(t)] are arbitrary real-valued functions.
2. λ(0) = 0 (i.e., η + is not diagonal), which corresponds to the cases: (2.a) u = 1 and θ(0) = 0; (2.b) θ(0) / ∈ R. For theses cases, we have
, and f is an arbitrary real-valued function.
Again, H has four functional real degrees of freedom, namely q(t), f (t), ℜ[a(t)] and ℑ[a(t)].
Note that in both cases u is a positive real constant that can sometimes be determined by setting t = 0 in (26) -(28). If this fixes u, the metric operator η + is uniquely determined up to the unimportant multiplicative constant k. Otherwise, similarly to the case of a time-independent Hamiltonian, the determination of η + amounts to making a choice for u, [23] . We will return to this problem in Section 4. In practice we can employ the above results as follows. Given a (non-diagonal) time-dependent 2 × 2 matrix Hamiltonian H(t), we determine whether it is diagonalizable and has a real spectrum by examining its trace and the determinant of its traceless part [16] . If both of these quantities are real and the latter is negative, H(t) is diagonalizable and has a real spectrum.
10 But as we explained in the preceding section, this is not sufficient for formulating a consistent quantum theory using H(t). In addition, the Hamiltonian must be quasi-stationary. To see if this is the case we examine its diagonal entries. If they are both real, then the Hamiltonian is quasi-stationary if (26) holds with u = 1. If at least one of the diagonal entries is not real, then the Hamiltonian is quasi-stationary provided that it satisfies (27) and (28).
Uniqueness of the Metric Operator
For a time-independent diagonalizable Hamiltonian H with a real spectrum, the metric operator η + that makes H, η + -pseudo-Hermitian is not unique [16, 19] . In general one must fix a metric operator η + directly [5] or alternatively select a set of so-called compatible irreducible operators and demand that all of these operators be η + -pseudo-Hermitian [1, 23] . The latter will fix η + up to an unimportant multiplicative positive real constant.
The situation is different for a time-dependent Hamiltonian. The requirement that a generic time-dependent Hamiltonian H(t) be quasi-stationary, i.e., H(t) be η + -pseudo-Hermitian for a constant η + , will fix η + (again up to an unimportant multiplicative positive constant). To see this, consider a general quasi-stationary Hamiltonian H(t) and suppose that η + is a constant metric operator such that H(t) is η + -pseudo-Hermitian. Then, for all t ∈ [0, T ],
Setting t = 0 in this relation implies that H(0) is η + -pseudo-Hermitian. Differentiating both sides of (29) successively, setting t = 0, and defining O 0 = H(0) and for all n ∈ Z + , O n :=
is an infinite sequence of η + -pseudo-Hermitian operators. Assuming that O n 's do not share a common eigenvector, which is true for a generic Hamiltonian H(t), the sequence (O 0 , O 1 , O 2 , · · · ) includes among its terms an irreducible set of operator. Therefore, according to the uniqueness theorem proven in [1] , η + is unique up to a constant factor. For the two-dimensional systems considered in Section 3, this manifests itself through the fact that for a generic Hamiltonian the parameter u that represents the arbitrariness in the choice of η + is fixed by setting t = 0 in Equations (26) -(28).
To see how this is done, consider the case that q = 0 and θ = π 2 , i.e.,
Then the condition that H(t) is a (nonzero) diagonalizable operator with a real spectrum takes the form bc ∈ R + . To obtain the form of b and c for which H(t) is quasi-stationary, we consider the following two possibilities.
(i) u = 1: In this case λ(0) = 0 and we should enforce (26). But we can easily check that this does not put any restriction on b and c.
(ii) u = 1: In this case λ(0) = 0 and we should enforce (27) and (28). They give
where u is an arbitrary positive real number different from 1, ϕ(0) is an arbitrary complex number, and f (t) is an arbitrary real-valued function. Note that according to (31),
This is the trivial case, where the eigenvectors of H(t) happen to be time-independent.
The above analysis shows that if a Hamiltonian of the form (30) does not satisfy (32) for any real-valued function f , then we must choose u = 1. This in turn means that the metric operator η + is determined uniquely up to the constant factor k. But if we can satisfy (32) for some f , then u may be chosen arbitrarily. In the latter case, similarly to the case of a time-independent Hamiltonian in order to fix η + , we must also make a choice for u.
Concluding Remarks
In this paper we have shown that unlike for a time-independent Hamiltonian operator, the conditions of diagonalizability and reality of the spectrum of a time-dependent Hamiltonian do not generally guarantee the unitarity of the corresponding time-evolution. The latter puts a further restriction on the choice of the Hamiltonian. We have examined the general form of this restriction, elucidated its geometric nature, and given a complete characterization of time-dependent 2 × 2 matrix Hamiltonians that define consistent quantum theories. We have also shown that, in contrast to the case of a time-independent Hamiltonian, a generic time-dependent Hamiltonian that is capable of defining a consistent quantum theory determines the metric operator and the inner product of the physical Hilbert space uniquely (up to a physically irrelevant multiplicative numerical factor).
